Abstract In this paper, a novel method called generalized of the variational iteration method is presented to obtain an approximate analytical solution for strong nonlinear oscillators problem associated in engineering phenomena. This approach resulted in the frequency of the motion as a function of the amplitude of oscillation. It is determined that the method works very well for the whole range of parameters and an excellent agreement is demonstrated and discussed between the approximate frequencies and the exact one. The most significant features of this method are its simplicity and excellent accuracy for the whole range of oscillation amplitude values. Also, the results reveal that this technique is very effective and convenient for solving conservative oscillatory systems with complex nonlinearities. Results obtained by the proposed method are compared with Energy Balance Method (EBM) and exact solution showed that, contrary to EBM, simply one or two iterations are enough for obtaining highly accurate results.
Introduction
Nonlinear functions are crucial points and terms in engineering problems and the solutions of many significant physical problems are centered on finding precise solutions to these functions. The study of nonlinear problems is of crucial importance not only in all areas of physics but also in engineering and other disciplines since most phenomena in our world are essentially nonlinear and are described by nonlinear equations. For instance, most engineering problems, especially some oscillation equations, are nonlinear [1] [2] [3] [4] [5] [6] [7] . Because solving nonlinear problems is very difficult and for a given nonlinear problem, getting an analytic approximation is generally more difficult than getting a numerical one considerable attention has been recently directed towards analytical solutions for nonlinear equations without possible small parameters. Traditional perturbation methods have many shortcomings: they are not useful for strongly nonlinear equations and cannot be applied directly if there is no small parameter in the equation. To overcome these shortcomings, many asymptotic and analytical techniques have been used in order to handle period solutions of strong nonlinearity. These methods include Variational Iteration Method (VIM) [8, 9] , Energy Balance Method (EBM) [10, 11] , Hamiltonian approach [12, 13] , Variational approach [14] , amplitude-frequency formulation [15] , Homotopy Perturbation method [16] [17] [18] and Lindstedt-Poincare´method [19] . This letter attempts to provide a convenient solution methodology; therefore, variational iteration method was modified and named Generalized of the Variational Iteration Method (GVIM) in order to obtain analytic approximate solutions for a nonlinear oscillator.
A particle of mass m was considered which was moving under the influence of the central force field with the magnitude of k/r 2n+3 . The equation of the orbit in the polar coordinates (r, h) were governed using the following dimensionless secondorder differential equation
where k and c are constants and u = 1/r. In this case, a family of nonlinear differential equations [20, 21] will be considered:
u00ðtÞ þ auðtÞ þ cu 2mþ1 ðtÞ ¼ 0;
The motion was assumed to be periodic and the problem was to determine the angular frequency of oscillation and the corresponding solution as a function of the system parameters and the amplitude, respectively. To solve Eq. (2) by the GVIM method, it can be rewritten as:
where
Description of the method
To illustrate the basic ideas of the proposed method in [22, 23] , the following differential equation is considered:
where D is a linear operator, N a nonlinear operator and f(t) an inhomogeneous term. Eq. (5) can be re-written as
where w is a nonlinear operator that embraces the nonlinear source and the rest of linear operator of the Eq. (5); therefore, considering initial conditions to be zero with regard to the independent variable. By taking Laplace transform of both sides of Eq. (6) in the usual manner (since u 0 is chosen so that Lu 0 = 0 and then by taking inverse Laplace transform, the following iteration formulation can be obtained:
provided that u 0 is an initial solution with or without unknown parameters, P(s) is a polynomial with the degree of the highest derivative in Eq. (5) and
In this method, the problems are initially approximated with possible unknowns and, till here, there has been no dependence on small parameters; therefore, it can be applied in nonlinear problems without linearization or small perturbation. The approximate solutions obtained by the proposed method rapidly converge to its exact solution.
Application to the Duffing oscillator
This oscillator was governed by the following differential equation:
with these initial conditions:
which is formed from (2) when a = 1, c, m = 3, for applying GVIM we have u 00 ðtÞ þ x 2 uðtÞ ¼ FðuðtÞÞ;
by applying the GVIM, the following recursive iteration will be constructed:
The trial function was used for determining the angular frequency x, i.e., the first approximation to Eq. (13) was assumed to be:
At first, the following will be computed: 
by taking the following relation into consideration:
the requirement of no secular term resulted in setting the coefficient of cos (xt) equal to zero which yielded the corresponding approximate period of the oscillation as:
therefore the first approximation to the periodic solution of the nonlinear oscillator was given by the following equation:
À141 cosðxtÞ þ 126 cosð3xtÞ þ14 cosð5xtÞ þ cosð7xtÞ :
Conclusions
In this study, analytical solutions for frequency-amplitude relations of the Duffing-harmonic oscillator were presented using Generalized of Variational Iteration Method (GVIM). The approximate analytical frequencies obtained using this technique gave excellent approximations to the exact solutions for the whole range of the values of oscillation amplitude. To illustrate the acceptable accuracy of the obtained result, it was compared with energy balance method [21] and the exact solution [20] . Results in Tables 1 and 2 and Figs. 1 and 2 reveal that this method can be considered as a viable alternative for conventional methods which can solve highly nonlinear oscillatory systems. Figure 1 Error percentage comparison between analytical (GVIM and EBM) and exact solution, m = 1, 0 6 A 6 100. Analytical approximate technique for strongly nonlinear oscillators problem arising in engineering
